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Another Preliminary Lens into Neighborhoods and Open Subsets

—with transition relating to fractals D. Tony Siin (dsun2019@hotmail.com) | Graduate Student at Yeshiva University | M-F June 15, 2025 Ithaca, NY.

(corner of 33rd St. and Lexington Ave., upon reading Baum’s (1964): the “system of neighborhoods”
Yeshiva midtown campus) . . . .
N has no basis of a distance/metric mentioned

i From Initial Abstract: Open (sub)sets

¥ imply metric(s) normally in the context - followed by a definition of topological spaces

B of metric-based topology, for using the - a neighborhood of a point is those, also as points, which “lie

distance quantity to define open e-balls.  close to” it, all in regards to the same point set
It is here inquired about the meaning of

= . . . (depiction of second part of
being a neighborhood (e-neighborhood) Theorem 4.6 “point-wise
% associated to an element with or continuity” ac Fig. 7)
a without a topological space.

(from cover of Introduction to Topology
3rd ed./1990 by Bert Mendelson)

Agenda:

- overview of context ) ; ) ) )
Looking at Baum’s formulation might feel a bit vague at a glance at the

beginning, but it weakly inspired me to think about defining neighbors without
a metric.

described as of my questions..
open subsets and metrics;
- about open subsets, and
topology and neighborhoods;
- on openness versus
fractals;

My inquiry begins with: what are a neighborhood, “epsilon neighborhood”
or “neighboring elements” with respect to a particular element, with/only with
the set; ask the same question with an associated topological space. So then to
think again that how a particular associated topology to a set is constructed...
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Brief Recap: the Context about Continuity, e-Neighborhoods

Open (sub)sets: are ‘induced’ as a definition, from/with the leverage of a metric space
—which may make it not being intrinsic (e.g. compared with coordinates in Euclidean spaces)

Can (or should) the inquirer attempt defining what is a single neighbor or ‘neighboring element’ as a starter
itself from any intuitive angles with respective a given element, such that such neighbors collectively form a
neighborhood? Discussions upon what data means in this context and assumptions from topology are
essential to this preliminary study.

(—Dim. Domain, to a Real-Valued/Scalar (also 1-Dim.) Codomain/ Measuré

i
[3 D J We will say function f : D C R — R is continuous at xr =a € D if (point-wise)
B

Ve > 0 radius in codomain 39 > 0 radius in domain, such that CQ ‘

; \ (induding x=a) il
1’f R 1§ Sadh "9 —~sttho
’:p—a‘<(5:> 'f(x)—f(a)<e ~Ey
g Y

N\
‘F(ﬂ)
i.e. given any small (and symmetrical) ‘possible variations’ about the fynction value at x = 4, these function

values’ pre-image (inversely-mapped points in the domain) would, if any, be “guaranteed inside” an open (and

5 . R I e — e — .
also symmetrical) interval—the symmetry here corresponds to the term ‘radius’ as well as higher dimensions.
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Before Openness: Neighborhood Systems (Baum, 1964, pages 20-26)

X the universal (point) set.

Def. (Neighborhood). = € X some element then the notation U(x), containing z, denotes a neighborhood
of ’s.  Any such neighborhood shall normally be near surrounding points/elements that are “close to” x
from the same set X, whilst it has yet no further requirement.

Def. (System of Neighboords / Neighborhood System, Pointwise). Let u, := {U (:E)} denote a non-
empty family/collection of “neighborhoods” of/w.r.t. each particular z € X.

(1) z € U(x) for each U(x) € uy; [notational characterization for subset U(z) C X|
(2) if for some U(z) there’s superset V' 2 U(x), then V' € u,; [supersets]
(3) f U,V €u, then UNV € uy; [intersection]

(4) if U € u,, then there exists V' € u, such that if (any) y € V then U € w,; it literally infers that there
exists some (other) point y we can “put” in the intersection U NV of these two neighborhoods both to z’s.

Notes and Comments: this phrasing of definition does not include/depend on an “initial generator” of what
(some of) the constituents of u,, the system, are; “ Yy conteirer: could be o Neighbortyed] "

in other words, it is a definition of properties for what are in the system/collection/ %ﬁ of neighborhoods,
here by generic notation U(z). s no “basts® yet lee
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Neighborhood <\ ? \— Openness «——> Topology

Open (Sub)Sets: by definition itself e.g., absorbs an open ball for any constituent point

e.g., of R the natural topology mhat is viewed as a particular
‘privileged’ family of open subsets

Topology: by and out of axioms/properties i.e., the definition may seem more implicit/indirect
3(&@ on Neighborhood system isn’t

(what is being similar)
X e oty 0 Zf
= x
v . ' unique (but by the properties
% = {0‘7‘% ‘—g'j“'”"{' "‘f ner, Wf satisfied accordingly);

« " " tec Sysien of —f" @ad xel ,85 a a “particular” assignment, i.e.
U &) ortams X Reighinetnalk -60701.% the specifying of nei. systems for

é(eUag < K) %M"‘J i ;54 ) é( ) Z) each of all elements = a

(particular) topology:;
(ﬂ EOC ,C) thus here neighborhoods

((yv[’em AS ofeu if s give/produce openness

= -a‘f ﬂe}j‘:br to ol| r°"0\‘f'$ it (note: this is not as opposed to
congin S closedness albeit usage of the word

the open set definition in the
last step (to the left) calls for
topo. space but practically refers
to the (particular) nei. systems

‘open’)




o o o 5/
Outlining of Content: General Question(s) on Fractals vs. Openness o

Fractals are the “sets with non-integral (2.6) Hausdorff (c) has an infinite-length perimeter, but an limited area;

. . » <« b . . . .
dimension” or “boundary between two regions or (d) is self-similar (with respect to subsets) and

o« o 3 . 1 1 . . .
divisions” in the Mendelbrot Set (a specific perspective); is “independent of scale.”

and, with competing/conflicting definitions;

“if it combines the following characteristics: fractals — of being similar to itself — “recursive patterns..”

(a) its parts bave the same form or structure as the

. ® by “self-similarity,” a fractal object can “iterate
whole, except that they are at a different scale and may be Y Y J

dightly deformed: (b) its form is extremely irvegular, or infinitely” and still land at a smaller version of the same
’ shape;

extremely interrupted or fragmented, and remains so,
whatever the scale of examination; (c) it contains distinct ~ ® ponder simply about any correspondence between the

elements’ whose scales are very varied and cover a large fractals-side similarity (e.g., based on transformations)
range.” and the topology-side of openness (based on looking

(Mandelbrot, B., 1989, “Les Objets Fractales,” pp. 154) into one’s subsets, etc.)?

Meanwhile, it is summarized that fractals are generally @ from the (above) correspondence and if begins with

characterized by at least the following attributes simpler examples, are these two sides of definitions

(Nelson, n.d.) that every fractal equivalent somehow, if only locally to one connected
(a) is a complex structure at any level of magnification; ~ subset/object?

(b) has “non-integer dimension”; ® can examine 1-d. and 2-d. examples (1-manifolds..)




intro. ..coeeveene page 1

1-d. cont. .............. page 2
nei. sys. .............. page 3
topology .............. page 4
gen. questions .............. page S
(this page) .............. page 6

aff. transf. .............. page 7
similarity .............. page 8
some qUEStioNS ......ceuueee. page 9
D, R page 10

D G page 11

(appendix

of some

more

pages

of

notes

from

preparation)

Main
Agenda

(transition slide)

Plan:

— What does it mean to be
similar (especially when it is not
synonymous to any “topological
equivalence”)?

— “similarity transformation”
(may be multiple definitions)

— similarity; and, define ‘set
similarity’ or multiple/two sets
being ‘mutually similar’ as a
relation (reflexive, etc.) with a
clear definition

— define fractals (once); what is
meaning of the term "fractals” (in

plural)?
— u_x each nei. sys. is not unique;

what if it is and then how can it be
conditioned for uniqueness (for
each point x)?
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— assuming different
neighborhoods associated to
the same point are similar =
can (mutually) similar sets form
a topology---either as building
blocks, generator/basic, or
entirety?

— if there’s time—Ilook at

properties of (certain) unions

and intersections of open sets,

as well as mutually similar sets
in parallel.

(quoting from 2pm Wed. talk) In nature,
fractals are everywhere; the earliest
mention of fractals could be Zeno's
Paradox "Achilles and the tortoise” (c.
490-430BC) 1,1/2,1/4,1/8, ...as a
weakly self-similar set; it is a
zero-dimensional fractal.



Example Starter: Similarity Transformation (Affine) o

Def. (Similarity Transformation). R? Euclidean (d =1,2,3---). The function

T: RY - R?

given by
T(x) = ARz + b

where A\, R, b are scalar, rotator, and translator respectively

beR? R e R™ rotation matrix, A > 0 nonnegative real.

(e.g., reflection with respect to the z-axis y = 0 in plane)

The complex number tool (correspondence to R?) for modeling some ‘fractals,” that in 2-D

[cos /6 — Sinw/ﬁ}

sinm/6 cosm/6

2 0

_+_

1 1

rotates the point (2,1) in column form counterclockwise by 7/6 (w.r.t. the origin), scales it by s > 0 (w.r.t.
the origin), and shifts it upward by 1 unit. This is equivalently modeled with complex numbers by

T: C—>C

z > (s) €6 z+1




. . . /
Slmllarlty s

Def. (Similarity Relation; Similar Subsets). X set non-empty. Define symbolically a relation Sim C X x X

writing
X' Sim X"

for underneath (X XY ) € Sim meaning that “X’ is similar to X”,” where two subsets X', X" C X are
considered.

Prop.: Any non-empty set is similar (and equal) to itself, and Sim is reflexive (default).

Using this, the specific conditions/definitions for when the similarity holds can be various, such as using quantitative
requirements for topological characteristics.

For instance, the existence of a similarity transformation (mentioned) can give a specific similarity (relation)
definition—as when the inverse transform is also available = similarity is symmetric

Fractals (as appeared in plural) can be understood as repeated/repeating paterns—and for which a pattern shall exist as its own
definition (e.g., a periodic function) whilst with any/some mathematical objects (e.g., Sierpinski gasket SG2 as a graph as
vertex/edge lists).

A particular study/research question about fractals will, indeed, be based upon some fractals as the context, whereas not
necessarily about geomegric/topological characteristics; compared to a topic like differentiable manifolds (manifolds are always
involved) and algebraic topology (topological questions throughout). It would depend on the direction/aspect of the specific
project, such as about harmonic functions (on a particular metric), about relationships with natural numbers, etc.
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Step(s) of Fractals in Corresponding to the Properties of Topology

Prop. Fractal/fractal collection {Fn} = O (tentative notation) with
n=0,1,2--N—1

a finite number of N elements/constituent objects in a sequence. Here take the
assumption of Fy C Fy C Fy C --- C Fy_9 C Fy_; with Fiy_; being the “biggest”
superset (contains every element).

Fn_4 X

(i) an arbitrary union, of any number of elements from O, is in O;

By —t—g7
(ii) a finite intersection of any elements from O is in O; { n}

Justification is that indeed making a union yields the largest set, and an intersection the smallest (due to
successive containment).

Question: What if when Fy_; the particular

say largest fractal is considered in its actual

form (rather than in parallel to other

fractal-object elements)?

Sierpinski hexagon




(Dr. Keith Devlin, 2012 “Introduction to Mathematical Thinking”) Conclusion
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Different patterns lead to
(correspond to) different

branches of mathematics:

Arithmetic
Number Theory

Geometry

Calculus

Logic

Probability Theory

Topology

Fractal Geometry

Since the Nineteenth Century the major change in emphasis in math “wasn’t arbitrary...
...[the process] came about through the increasing complexity of the world...procedures
and computation will not go away—they’re still important—but in today’s world they’re
not enough, and we need u#nderstanding.

They (patterns) can be either real or imagined patterns, visual or mental, static or
dynamic, qualitative or quantitative, utilitarian or recreational, from pursuits of science of
from the inner workings of the human mind.”

Thank You
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(Kobayashi, 2011, ep. 2011) Conclusion

T

{

-

“..the (crystal element technique) can turn anything it touches into crystal (crystalize), in other words,
water, earth or wood elements won't have any effect..”
LS. We

Kobayashi, O. [Director]. (Mar. 2011). Painful Decision. Naruto Shippuden (episode 201). Pierrot Co., Ltd.
Available at Crunchyroll at http://www.crunchyroll.com/watch/G6JQ2K9ER /painful-decision
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Briefly Restating the Context about Continuity, &-Neighborhoods, Topo. Spaces (cont.)

Def. 4.4 (Neighborhood, and Complete System of Neighborhoods). Let (X, d) be a metric space, and a € X. A subset of this space N C X is called a

eighborhood of element a if there exists some § > 0 such that ?oes + a> gt L ~ g
7 = =
(* \!\ :

Xrkm

é—l—\c =a> Theorem 4.6 (Continuity by "Enclosed Neighborhood"). Consider function defined from one metric

C ‘o . = space to another, denoted .
j &’:Ilf Z(l‘\lf ‘=Wﬁl‘f 0}"1"(' More d‘hd' d.m‘__.m fi (X,d) > (V,d)

? ?
\\\' / then we say f is continuous at a EIX; iff for each/any neighborhood M of f(a) in co-domain, there
. . " . 5 | S SSSSS]
S)\(Eti a corresponding domain-side neighborhood IV of a such that

f(N) C M, 11 lently) N C f~}(M)
(q;7) = as we as@qulva en ﬁ ( rt‘-mg

that is to say the existence o%ﬁgseé forward-imaged neighborhood defines continuity. wpe,
" "s-neighborkiod Vhat 3 A@ﬂ'@k) N] wnlen oA
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the unliersal”
ﬂi’runwu: Xayse{—

Def. (Sys. of Neighboords, Pointwise). s such that — S&&Te /¥ 20w, == {U(x)}
CBaum’s };aak>
(1) xz€U(x) for each U(x) € uy; /\k [notational characterization for subset U(z) C X]|
/4
(2) if for some U(z) there’s superset V' 2 U(x), then V € u,; s &‘j‘f&% [supersets]
S 7 fnfs‘iw Re Ly =S pmiaey o ety fun 14
g ;
‘ "tg/_(?) P 0 =R); T‘W“‘\U‘f"”e’f Rl (hyprectst) I sy o ibdoct
(3) fU,V €u, then UNV € uy; [intersection]
o G gt o el o
Bl ernW e U,

W Uy stoys n e Systeh

| s — — T
(4) if U € uy, then there exists V € u, such that if (any) y €V then U € u S -

’Y"* ' Tn goreral, @:’) o tat e ) =X \M(ag wellbe (B VES 1l
ey ke 3) XS Ly DRI, 5 | W o e
'Qo % = : dﬁ"“"‘%; Gingetn rW‘W W = Y ? Olerwi
Notes and Comments: this phrasing of deﬁnitlon does not include/depend on an “initial generator” of what
(some of) the constituents of u,, the system, are; ny contoirer: could e o Nelghbarired "

in other words, it is a definition of properties for what are in the system/collection /% of nelghborhoods,

here by generic notation U(z). Higee's no NN (Appendix) A3/15
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1 Appendix) A5/ 15
Metric (cont.) (Appendix) AS

The absence of distance when talking about neighborhoods might be intentional, because we don’t need a distance
function to define any/a particular neighborhood. For example, the book Topology by James R. Munkres says a
neighborhood of a point x is any open set containing this point; Munkres also points out that other authors simply use
the term “neighborhood of a point” to indicate likewise—a neighborhood to x is any set that contains an open set U,
such that x is an element of U. In either case, there is yet no reference to distance (but, there is a reference to a
topology).

Baum’s book—“system of neighborhoods” definition may expect to motivate an upcoming, more topological
definition for neighborhood(s). This could explain why it comes before the definition of a topology. Regardless, the
absence of a distance was important & worth noticing to me, for it keeps everything in a general setting—not all spaces
need a distance function, and studying each doesn’t always require a metric.

(my notes combined with discussion with some classmate during last Fall 24 semester, at CUNY s Graduate Center)

It then follows (my) two immediate questions: (i) when I see/read the word “open set” first I recall it is a “subset,” and
it needs to reside in an underlying topo. space (and that requires a metric/metric space);

— “I’'m not sure how your book defines it, but, typically, a topological space doesn't require a metric
space. The relationship between the two is that a metric space is a specific topological space. The metric
on the space is used to define open sets and these open sets are used to form the topology. Every metric
space is a topological space, but not every topological space is a metric space.”




. Appendix) A6/ 15
Metric (cont.) I

(if) doesn't Cartesian product (itself) already imply being Euclidean? —if the answer is yes, then the #-space (e.g.,

xy-plane, xyz 3-space) is already “rigid,” meaning each point’s coordinate exists in the first place, then any other metric

defined based upon it would seem more like a re-definition of distance to me..

— “The Cartesian product does not imply being Euclidean. This entirely depends on whether or not an
Euclidean distance can be put [applied] on the space. Not every space has a Euclidean distance on it

because some spaces don’t even have a metric.” And, some space might not have ordinary coordinates/coord. maps.

My interpretation by far is that a metric is actually “utilized” to define open sets, which induces the formation of
topology (i.e., I have a topo. space then as a result). Still, even if some metric had already been chosen, I wonder if there

should/needs to be a metric space there, in the first place...

Regarding open balls—it can be viewed as like a door/access to “augment the space” with at/from a very small

locality, a few points, or a single point...

39th Summer Topology and Its Aoollcatnons Conference CGeneral and Set-Theoretic Topolog,\)

UNIVERSITY OF 3 e 1% “Intrinsic Retractlon for General Topological
. SOUTH ALABAMA [ S ) Nelghborhoods—D.TonySunE

Topological equivalence among subset objects within
the same space is of core algorithmic and applied

g% ScholarLattice(I[‘ﬂlg'an9

interests. An early inquiry for topological spaces has...




Context about Continuity, e-Neighborhoods, Topo. Spaces (cont.) ippendi) A115

e What can we say about being "continuous”? What about "openness” (what, and how)?
e If for real intervals (1-d.), being able to find such open-interval subset makes it open (circular reasoning)

comment: the characterizing of a subset “expanding from” a single point/element already uses a
metric, which makes it (openness) metric-based.

e Difference between an element (“singleton”) versus anything else non-empty (e.g., sets greater than 1 by

count of constituent elements, unions of single elements, uncountably many elements)

® Can the process of expanding a single element, into anything bigger than itself, be one that “opens it
up” (one versus many)?

e Attempts to explain/dispute that potential circular reasoning (as a concerning/vagueness part of

learning) o~ b a proacs, an °r9m("b'\

® “Open” as opposed to being closed; configuration implies an inward (or outward) “motion” as it can be
atof a regular 1-d.

C quivalently represented by change in constituents/content nt for the set (e, check th'

open interval, regarding this) ,)o"b\ one ckg’uns ﬂ> \MJO'M‘

(EFM?S% ﬁ»@m) \y waﬂb\ l\ Yo P"I'




Fractals versus Openness: The General Question

(Appendix) A8/15

Fractals are

the boundary between two regions/divisions in the
Mendelbrot Set;

with competing/conflicting definitions;

“if it combines the following characteristics:

(a) its parts bave the same form or structure as the
whole, except that they are at a different scale and may
be slightly deformed; (b) its form is extremely irregular,

or extremely interrupted or fragmented, and remains so,
whatever the scale of examination; (c) it contains distinct
elements’ whose scales are very varied and cover a large
range.”

(B. Mandelbrot. “Les Objets Fractales,” 1989, pp. 154)

Meanwhile, it is summarized that a fractal is
characterized by at least the following attributes
(Nelson, n.d.) that it

(a) is a complex structure at any level of magnification;

(b) has “non-integer dimension”;

(c) has an infinite-length perimeter, but an limited area;
(d) is self-similar (with respect to subsets) and

is “independent of scale.”

fractals — of being similar to itself — “recursive” patterns..

® by “self-similarity,” a fractal object can “iterate
infinitely” and still land at a smaller version of the same
shape;

® ponder simply about any correspondence between the
fractals-side similarity (e.g., based on transformations)
and the topology-side of openness (based on looking

into one’s subsets, etc.)?

e from the (above) correspondence and if begins with
simpler examples, are these two sides of definitions
equivalent somehow, if only locally to one connected
subset/object?

® Jooking at 1-dimensional examples (1-manifolds, R)
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e assuming different neighborhoods
associated to the same point are
similar = can (mutually) similar sets
form a topology---either as building
blocks, generator/basic, or entirety?

e if there’s time—look at properties of

(certain) unions and intersections of
open sets, as well as mutually similar
sets in parallel.

® [move it to earlier] define set

similarity as a relation (reflexive,
etc.) w/ a clear definition

(mentioned in 2pm Wed. talk) In
nature, fractals are everywhere; the
earliest mention of fractals could be
Zeno's Paradox "Achilles and the
tortoise” (c. 490-430 BC) 1, 1/2, 1/4,
1/8, ... as a weakly self-similar set; it is a
zero-dimensional fractal.
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My note—the objects of fractals (such as SG2) w/ any form of sketching
of a diagram, are not assumed to be “residing in 2D,” because they are
rather graphs/combinatorial objects characterized by vertices, edges,

cells, etc.
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